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Abstract 

Inclusive quasi-elastic electron scattering off nuclei is investigated at high momen- 
tum transfer (Q 2 > 1 (GeV/c) 2 ) and x > 1 adopting a consistent treatment of nucleon- 
nucleon correlations in initial and final states. It is shown that in case of light as well 
as complex nuclei the inclusive cross section at 1.3 < x < 2 is dominated by the ab- 
sorption of the virtual photon on a pair of correlated nucleons and by their elastic 
rescattering in the continuum, whereas at x > 2 it is governed by the rescattering of 
the outgoing off-mass-shell nucleon in the complex optical potential generated by the 
ground state of the residual (A-l)-nucleon system. 
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Inclusive quasi-elastic (QE) electron scattering off nuclei at high momentum trans- 
fer can provide non trivial information on the nuclear wave function. In particular, 
the kinematics region corresponding to x > 1 + kp/M ~ 1.3 (where kp is the Fermi 
momentum and x = Q 2 /2Mv the Bjorken scaling variable), is strongly affected by high 
momentum and high removal energy components of the nuclear wave function arising 
from nucleon-nucleon (NN) short-range and tensor correlations. Such a result has been 
obtained by several authors [1-5] using the plane wave Impulse Approximation (IA). 
Recently, however, it has been shown [6] that the Final State Interaction (FSI) of the 
struck nucleon, evaluated with an on-shell optical potential, totally overwhelms the 
effects from ground-state NN correlations. Nonetheless, in ref. [7] the relevance of 
NN correlations on the inclusive cross section in the region 1 < x < 2 has been again 
advocated, arguing [2] that in such a region (where scattering from a nucleon at rest 
is kinematically forbidden) the contribution from a correlated NN pair in a nucleus 
should be proportional to the one in the deuteron (for which x < 2). In order to 
further clarify the role played by NN correlations and FSI, we present here the first 
results of a calculation of the inclusive cross section based upon a novel approach for 
evaluating FSI relying on a consistent treatment of NN correlations in initial and final 
states. 

The cross section for the inclusive process A(e, e')X will be written hereafter in the 
following form 

dE e ' dJl e / oi ( ) 

where the contributions from different final nuclear states have been explicitly sepa- 

(A) 

rated out, namely cJq describes the transition to the ground and one-hole states of 
the (A-l)-nucleon system and a[ A ^ the transition to more complex highly excited con- 
figurations. In what follows, the calculation of and cr[ A \ within different levels of 
sophistication for the treatment of the final A-nucleon state, will be presented starting 
from the IA. 

1. The Impulse Approximation. As is well known, the calculation of the inclu- 
sive cross section within the IA requires the knowledge of the nucleon spectral function 
P(k, E), which represents the joint probability to find in a nucleus a nucleon with mo- 
mentum k = \k\ and removal energy E. In presence of ground-state NN correlations 
P(k,E) can be written as 



P(k,E)=P (k,E)+P 1 (k,E) (2) 



where the subindeces and 1 have the same meaning as in eq. 1, i.e. Pq includes 
the ground and one- hole states of the (A-l)-nucleon system and Pi more complex 
configurations (mainly lp-2h states) which arise from 2p-2h excitations generated in 
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the target ground state by NN correlations. Thus, one can write [4] 

P (k, e) = \y, a <* n ^ k ) 5 ( E ~ l e «D ( 3 ) 

where n a is the nucleon momentum distribution of the single particle state a having 
fractional occupation probability (/ dk n a (k) < 1), energy e a and number of nucleons 
A a . As for the correlated part Pi, we will consider in this paper high values of k 
(k > 1.5 fm -1 ) and E (E ~ k 2 /2M), in which case, generalizing the results of ref. [8], 
we get 



Pi(k,E) 



£ 

N2=n,p 



dk cm f^ re i 



n 



N X N 2 



(k c 
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A — l 

A-2 



(4) 



where n 



rel 1 ' t " 



is the momentum distribution of the relative (center of mass) 

p(2) 



motion of the two nucleons in a correlated pair, and E\^ r = M A -2 + 2M -M A is the 
two-nucleon break-up threshold. Eq. 4 assumes that the (A-2)-nucleon system is in its 
ground state, which implies that the cm of the correlated pair moves in the mean field 
of the nucleus, so that only soft components of n^/^ 2 contribute to P± (see for details 
refs. [8-9]). Eq. 4 quantitatively reproduces the high momentum and high removal 
energy parts of the many-body spectral function calculated for 3 He [1], A He [10] and 
nuclear matter [6], as well as the momentum sum rule of complex nuclei [8-9]. Using 
eqs. 2-4 we write the IA cross section in the following forms, which will be useful for 
further elaboration 



A 

1° ( o A) ]ia = E HkdE a eN P N (k,E) 5 

N=l 



v + k — E 



roc 

V / dk k n a (k) (Z a a ep + N a a e 



k+q 
+ k° 



[A(k)\ 



IA 



(5) 
(6) 



(Ah 



|M = £ dkdE a eN P?{k,E) S[u + k° - E U(j \ (7) 

N=l J 

= Aouott £ fdg m n^(k cm )L^[W^ N2 ] IA (8) 

N!N 2 =n,p 



In eqs. 5-8 v (q) is the energy (three-momentum) transfer; k is the momentum of the 
nucleon in the lab system before interaction and k° = M A — y/ (M A + E — M) 2 + k' 2 
its off-shell energy; Ep = ^/M' 1 + |p| 2 ; a e N is the electron - (off-shell) nucleon cross 
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section; [A(k)]jA is 



[A(*)] 



I A 



dE n 



5{y + k° a -E, 



= e(E+- v -k° a )e(u + k° a -E-) 



(9) 



where E^ = \J M 2 + {k =t q) 2 . In eq. 8 L^ v is the (reduced) leptonic tensor and 
[W^} N2 ]ia the hadronic tensor of a correlated pair, which can be written as 



E E [</^bf + ^ l/i° 2 >] * E [o^ 1 + l/i° 2 ) 



+ V( M 2 ?2 ) 2 + (4n + <f) 2 



(10) 



where is the nucleon current, k® m = Ma — \j M 2 A _ 2 + |fe cm | 2 , is the relative 

wave function of a correlated pair and I/12) its plane wave final state. It should be 
pointed out that, whereas eqs. 5 and 7 are valid for any spectral function, eqs. 6 and 
8 results from eqs. 3 and 4, respectively. In particular, eq. 8, whose usefulness will 
be clear later on, is based upon the assumption that final and initial A-nucleon states 



>A-2) 



and \^° A ) ~ A \P 12 )\x^ 



>°A-2) 



factorize as follows : | ~ A \ /f 2 ) | P cm ) \ * 

where A is a proper antisymmetrization operator, |xi™) the cm wave function of a 
correlated pair and |P cm ) its plane wave final state (note that the factorized form for 
is the basic ingredient for obtaining eq. 4 [8] and that, using eq. 10 in eq. 8, 
eq. 7 is recovered in terms of the nucleon spectral function Pi given by eq. 4 with 

n^ei* 2 (Kel) = J2(3 12 (flulKei) )■ The IA processes corresponding to eqs. 5 and 7 are 
depicted in fig. la and lb, respectively, and the results of the calculations for 2 H, 4 He 
and 56 i ? e at Q 2 ~ 2 (GeV/c) 2 are shown by the dotted lines in fig. 2. It can be seen 
that, in agreement with previous calculations [1-6], the IA sizably underestimates the 
cross section at x > 1.3; this is a very well known fact (common to both few-body 
systems [1], complex nuclei [4-5] and nuclear matter [6]) which is ascribed to the lack 
of any FSI within the IA (note that, unlike the region at x < 1, the effects from meson 
exchange currents are strongly suppressed at high momentum transfer and x > 1). In 
what follows the FSI will be evaluated by a novel approach based upon the observation 
that the FSI involving two-nucleons emitted because of ground-state NN correlations 
(process of fig. lc, called two-nucleon rescattering ) should be different from the FSI 
involving the nucleon knocked-out from shell model states (process of fig. Id, called 
single nucleon rescattering ). 

2. Two-nucleon rescattering. The basic assumption underlying eq. 4 is that 
two nucleons are locally correlated at short separations, with their cm being apart 
from the spectator (A-2)-nucleon system [2, 8]. The two-nucleon correlation in a nu- 
cleus reminds the one acting in the deuteron; indeed, in agreement with the results of 
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many-body calculations [11], the nucleon momentum distribution of complex nuclei at 
k > 1.5 /m _1 , as predicted by eq. 4, turns out to be the properly rescaled deuteron 
momentum distribution [9]. Therefore, at high values of k and E the absorption of 
the virtual photon by a correlated pair, which at x > 1.3 is the dominant mechanism 
in the IA, is expected to resemble the one in the deuteron; if so, such a deuteron-like 
picture of the initial state should be extended also to the final state by allowing the 
two nucleons to elastically rescatter as depicted in fig. lc. An important difference 
with respect to the case of the deuteron is that a correlated pair in a nucleus is bound 
and moves in the field created by the other nucleons. The details of the calculation 
of the two-nucleon rescattering in the medium will be presented elsewhere [12]; here, 
it suffices to say that the basic step of our approach is the replacement of the IA 
hadronic tensor \W^} N2 ]ia by the interacting one W^} N2 , which is nothing but eq. 
10 with the plane wave state I/12) replaced by the exact NN scattering wave function 
I/12) (note that the two-nucleon rescattering process cannot be expressed in terms of 
a spectral function). It can be seen from eq. 10 that medium effects on the interacting 
hadronic tensor are generated by the energy conserving 5 function, in that the intrinsic 
energy available to the pair is fixed by its cm four-momentum, and, therefore, by the 
momentum distribution n^^ 2 appearing in eq. 8; even if the cm motion is neglected 
( n an N2 = d(kcm)) [2], medium effects still would remain through the quantity k® m . We 
have calculated the inclusive cross section for the deuteron using the RSC NN potential 
[13], taking into account the rescattering in S, P and D partial waves; then, using the 

same two-nucleon amplitudes (flnljf? 1 + jj? 2 \f 12), we have computed the cross section 

(■A) 

a\ for complex nuclei. The results are shown by the dashed lines in fig. 2: it can 
be seen that at 1.3 < x < 2 the process of two-nucleon rescattering brings theoretical 
predictions in good agreement with experimental data. The most striking aspect of 
our results is that the same mechanism which explains the deuteron data, does the 
same in a complex nucleus, provided the A dependence due to n^^ 2 and k® m (clearly 
exhibited in fig. 2) is properly considered. It should be pointed out that our results 
hold for the whole set of kinematics considered in refs. [14-15]. 

3. Single nucleon rescattering. It can be seen from fig. 2 that the two-nucleon 
rescattering is not able to describe the experimental data at x > 2. This fact is not 
surprising, because at x > 2 more than two nucleons should be involved in the scatter- 
ing process. We have mocked up this process by considering the motion of the nucleon, 
knocked-out from shell model states, in the optical potential generated by the ground 
state of the (A-l)-nucleon system (fig. Id). Such an approach amounts to replace the 
quantity [A(/c)]/^4 in eq. 6 by the quantity 



resulting from the eikonal approximation for the nucleon propagator [16] (note that 
the two-nucleon rescattering (diagram lc) is not included in the process described by 
diagram Id, because the two-nucleon rescattering is not a multiple scattering process, 
i.e., it does not contribute to an optical potential). The quantity [A(k)] opt (eq. 11), 



imu = - 1 

J E 



■E+ 




dE p 



tt(u + kg) [u + k° a -E p - Re V opt } 2 + [Im V opt } 2 



(11) 
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calculated with the common on-shell choice V op t = —pvN^NN{i + olnn)/^ (p is the 
nuclear density, vn the nucleon velocity, (Jnn the total NN cross section and a aw 
the ratio of the real to the imaginary part of the forward NN scattering amplitude) 
is compared in fig. 3a with [A(k)]iA (eq. 9): it can be seen that, whereas the latter 
vanishes for k < k m i n (k m i n > kp at x > 1.3), [A(k)] opt / even when k < k m i n , 
so that the low momentum part of the nucleon momentum distribution contributes to 
the cross section, resulting in a sizable increase of the low-energy tail of the QE peak 
in sharp disagreement with experimental data [17, 6]. However, treating FSI at x > 1 
in terms of on-shell optical potentials is not justified [2, 7, 17]. Indeed, the struck 
nucleon, having four-momentum squared p' 2 = (v + M — E) 2 — (k + q} 2 , can be either 
on-mass-shell (p 12 = M 2 ) or off-mass-shell (p 12 ^ M 2 ) depending on the values of k 
and E. Initial configurations with k < k m i n always give rise to intermediate off-shell 
(virtual) nucleons, whose rescattering amplitudes are expected to decrease with virtu- 
ally, for off-shell nucleons have to interact within short times. In order to take into 
account off-shell effects, we have included in V opt a suppression factor of the type 

= ~\ pv N *NN(i + a NN ) e- 5 \ M2 - p>2 \ (12) 

where the parameter 5 is the same for all kinematics considered in this paper. The 
details will be given elsewhere [12]; here, we would like to stress that, using the sup- 
pression factor in eq. 12, i) the calculated longitudinal response of nuclear matter 
agrees with the "exact" one obtained in ref. [18] within the orthogonalized correlated 
basis method, and ii) the asymptotic limit (Q 2 — > oo) of eqs. 9 and 11 coincide, 
as theoretically argued [19]. The quantity [A(k)] opt (eq. 11) calculated using eq. 12, 
is shown in fig. 3a and it can be seen that the off-shell corrections strongly suppress 
the contributions from low-momentum nucleons. The effects of the various choices of 
A(fc) on the cross section are shown in fig. 3b, which clearly exhibits the damping 
generated by off-shell corrections. To sum up, at x > 1 the struck nucleon propagates 
in the medium with high virtuality, so that any calculation of its rescattering in terms 
of on-shell optical potentials has little to recommend itself. Our results, including all 
diagrams la-Id, are presented in fig. 4, where the nuclear scaling function F(y, q) (see 
ref. [1]) is plotted against q 2 for a fixed value of the scaling variable y (we remind 
the reader that y = (< 0) corresponds to x = 1 (> 1)). The agreement with the 
experimental data is good and holds in the whole low-energy side of the QE peak. 

In conclusion, unlike previous approaches based upon single nucleon rescattering 
in the final state [6, 17], we have also considered the two-nucleon rescattering. The 
main results of our calculations are as follows: i) at x > 2 the inclusive cross section 
is dominated by 7* absorption by a low momentum nucleon and by the rescattering of 
the highly virtual produced nucleon in the complex optical potential generated by the 
ground- state of the residual (A-l)-nucleon system; ii) at 1.3 < x < 2 the cross section 
is strongly affected by NN correlations, being governed by 7* absorption by a pair of 
correlated nucleons and by their rescattering in the continuum; both initial state cor- 
relations and final state interaction resemble the ones occurring in the deuteron, apart 
from the cm motion and the binding of the pair in a complex nucleus. 
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Figure Captions 



Fig. 1. Processes contributing to the A(e, e')X cross section: a) one-nucleon emis- 
sion within the IA; b) virtual photon absorption by a correlated NN pair within the 
IA; c) elastic two-nucleon rescattering between the emitted nucleons of a correlated 
pair; d) single nucleon rescattering of a nucleon knocked-out from shell model states. 

Fig. 2. Inclusive cross sections at Q 2 ~ 2 (GeV/c) 2 [14-15] versus the energy trans- 
fer v. Calculations have been performed using the free nucleon form factors of ref. [20], 
the ccl prescription of ref. [21] for a e N and the RSC potential [13] for the NN interac- 
tion. Dotted line: IA (figs, la + lb); dashed line: IA + two-nucleon rescattering (figs, 
la - lc); dot-dashed line: contribution from nucleon inelastic channels estimated as in 
ref. [5]. 

Fig. 3. (a) The quantity A(/c) for the process 56 Fe(e, e')X plotted versus the nu- 
cleon momentum k at x = 1.5. Dotted line: eq. 9 (fig. la); dashed line: eq. 11 (figs, 
la + Id) calculated using V op t = —pvN&NN{i + ckatat)/2 (see text); solid line: eq. 11 
(figs, la + Id) calculated using the off-shell optical potential given by eq. 12. (b) The 
cross section corresponding to the three different calculations of A(fc) shown in fig. 3a. 
In both figures Q 2 ~ 2 (GeV/c) 2 . 

Fig. 4. Nuclear scaling function F(y,q) for 2 H (a), 4 He (b) and 56 Fe (c) ver- 
sus the squared three-momentum transfer q 2 for a fixed value of the scaling variable 
y = —0.4 GeV/c [1]. Dotted line: IA (figs, la + lb); dashed line: correlated NN pair 
contribution (figs, lb + lc); dot-dashed line: mean field contribution (figs, la + Id); 
solid line: IA + full final state interaction (figs, la - Id). The experimental points 
denoted by a full dot correspond to the kinematics of fig. 2 and, particularly, to v = 
0.86, 0.82, 0.78 GeV for 2 H, 4 He and 56 Fe, respectively. 
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